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psj , Abstract 

Vh ' We establish the existence of a real solution y{x, T) with no poles on the real line of the 

Mh, following fourth order analogue of the Painleve I equation, 
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This proves the existence part of a conjecture posed by Dubrovin. We obtain our result by 
proving the solvability of an associated Riemann-Hilbert problem through the approach of a 
vanishing lemma. In addition, by applying the Deift/Zhou steepest-descent method to this 
^b ' Riemann-Hilbert problem, we obtain the asymptotics for y(x,T) as x — > ±oo. 

o' 

O ■ 1 Introduction 

P ; 1.1 The Pf equation 

PLc The first Painleve equation is the second order differential equation 

"5 ■ yxx = 6y^ + 2;. (1.1) 

This equation has higher order analogues of even order 2m for m > 1, which are collected, 
together with the first Painleve equation itself, in the Painleve I hierarchy, see e.g. |241 I26j . The 
second member in the hierarchy is the fourth order differential equation 
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y+wi(yx + '^yyxx) + :7TT-yxxxx], (1.2) 
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and has solutions that are meromorphic in the complex plane. In 1990, Brezin, Marinari, and 
Parisi ^ argued numerically that there exists a solution y to (|1.2j) with no poles on the real 
line, and with asymptotic behavior 

y(x) ~ Ip|6x|^/^ asx^iboo. (1.3) 

Moore jHOl proved the existence of a unique real solution to (|1.2j) with asymptotic behavior given 
by ()1.3|) . and he gave a line of argument why this solution is probably pole- free on the real line. 
A generalization of (|1.2j) can be obtained by introducing an additional variable T, as done 
by Dubrovin in [13j . so that we get the following differential equation for y = y{x,T), which we 
denote as the Pf equation (cf. [H] for T = 0), 

X = Ty - i-y^ + —{yl + 2yy^^) + —y^xxx j • (1-4) 

In recent work U3]> Dubrovin conjectured (see Section [1.21 below for more details) the existence 
of a unique real solution to H1.4() with no poles on the real line. We prove the existence part of 
this conjecture. 

Our result is the following. 



Theorem 1.1 There exists a solution y{x,T) to the Pf equation (|1.4|) with the following prop- 
erties: 

(i) y{x, T) is real valued and pole-free for x, T G M. 
(ii) For fixed T G M, y{x,T) has the following asymptotic behavior, 

y{x,T) = -zo\x\^^^ + 0{\x\-^), as x^±co, (1.5) 

where zq = zq{x,T) is the real solution of 

z^ = -48sgn{x) + 24zo\x\-'^^^T. (1.6) 

Remark 1.2 Observe that zq is negative (positive) for x > (x < 0) with the following 
asymptotic behavior as x — > ±00, 

zo = zo-sgn{x)'^6^/^T\x\-^^'^ + 0{\x\-^/^), zq = -sgn(x) 2 • 6^/^ (1.7) 

so that the asymptotics (|1.5)) for y can be rewritten as, cf. (|1.3)) 

y{x, T) = ^(6|x|)^/3 ^ -62/3r|xr^/3 + 0{\x\-^), as X ^ ±00. (1.8) 

Power expansions for solutions of (|1.2)1 were found in |25j . 

Remark 1.3 One expects, see |3Ul Appendix A] for T = 0, that the solution y considered in 
Theorem II .11 is uniquely determined by realness and the asymptotics (|1.5|) . 

1.2 Motivation 

Hamiltonian perturbations of hyperbolic equations 

Hyperbolic equations of the form 

ut + a{u)Ux = ^ (1-9) 

can be perturbed to a Hamiltonian equation of the form 

ut + a(u)ux + e [bi{u)uxx + b2{u)nl] 

+ e^ [h{u)uxxx + bAiu)uxUxx + b5{u)ul] -\ = 0, (1.10) 

where e is small and 61,62,... are smooth functions. These equations have been studied by 
Dubrovin in ^3j, see also ^^, where he formulated the universality conjecture about the be- 
havior of a generic solution to a general perturbed Hamiltonian equation (|l.in|) near the point 
(xo,to) of gradient catastrophe of the unperturbed solution ()1.9() . He argued that this behavior 
is described by a special solution to the Pf equation (|1.4)) . To be more precise, his conjecture is 
the following. 

Conjecture 1.4 (Dubrovin, [T^ ) 

(i) Let uq = uo{x,t) be a smooth solution to the unperturbed equation p.9|) . defined for all 
X G M and < t < to, and monotone in x for any t. Then there exists a solution 
u = u{x,t;e) to the perturbed equation (|l.l()j) defined on the same domain in the (x,i)- 
plane with the asymptotics as e ^ of the form 

u(x, t; e) = uq{x, t) + e^ui(x, t) + e^n2(x, t) + o(e^), (l-H) 

where ui and U2 can be written down explicitly. 



(ii) The ODE (|1.4I) has a unique solution y = y(x, T) smooth for all real x G M for all values 
of the parameter T . 

(Hi) The generic solution u described in part (i) of the conjecture can he extended up tot = t^+d 
for sufficiently small positive 6 = (5(e); near the point (xo,to) H behaves in the following 
way 

n(x, t- e) = no(x, t) + ae^/^y {be-^/\x - c{t - to) - XQ),de-^'\t - to)) + 0(e^/^), 

for some constants a, b, c, d which depend on the hyperbolic equation, the solution u, and 
on the choice of perturbation. Here y is the unique smooth solution described in part (ii) 
of the conjecture. 

So Theorem II .11 in fact proves the existence part of part (ii) of Dubrovin's conjecture. 

In ^ni; numerical calculations were done for the particular example (of a perturbed Hamil- 
tonian equation) of the small dispersion limit of the KdV equation, see also |27[ I28| 0^ 1 IIM| . 

ut + Quux + e Uxxx = 0, with initial condition n(x,0) = ^0(2;). 

Before the time of gradient catastrophe to, solutions turn out to behave nicely. When approach- 
ing the critical time to, the slope of the function blows up near xq, and at the critical time, fast 
oscillations near xo set in. The transition between the monotone behavior and the oscillations 
should be described in terms of the real pole-free solution to ()1.4I) we consider in this paper. 

Random matrix theory 

The local eigenvalue correlations of unitary random matrix ensembles on the space of n x n 
Hermitian matrices have universal behavior (when the size n of the matrices is going to infinity) 
in different regimes of the spectrum. In the bulk of the spectrum it is known, see e.g. [Tl 171151 OT]. 
that the local correlations can be expressed in terms of the sine kernel, while at the soft edge 
of the spectrum they generically (i.e. when the limiting mean eigenvalue density vanishes like a 
square root) can be expressed in terms of the Airy kernel, see e.g. [H Isj [T7| l33] . 

In the presence of singular points, one observes different types of limiting kernels in double 
scaling limits, see e.g. (210 El- Near singular edge points, where the limiting mean eigenvalue 
density vanishes at a higher order than a square root (the regular case) the local eigenvalue 
correlations are expected ^Sj to be described in terms of functions associated with real pole- 
free solutions of the even members of the Painleve I hierarchy. The particular case where the 
limiting mean eigenvalue density vanishes like a power 5/2, which is the lowest non-regular order 
of vanishing, should correspond with the real pole-free solution of P^ considered in Theorem 
11.11 We intend to come back to this in a future publication. 

1.3 Riemann-Hilbert problem and Lax pair for P] 

Consider the following Riemann-Hilbert (RH) problem for given complex parameters x and T, 
on a contour S = (u^^qSj) UM^, with Sj = e^^^M^ , where each of the eight rays are orientated 
from to infinity. 

RH problem for 'I': 

(a) ^ is analytic in C \ S. 



(b) ^ satisfies the following jump relations on S, for some complex numbers Sq, • • • , Sg which 
do not depend on (, x, and T, 
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(c) There exist complex numbers y and h, which depend on x and T but not on (^, such that 
^ has the following asymptotic behavior as C — > oo, 

^(C) = o-iv(/-/^^3r^/^ + ^_^^ ;i)r^ + o(rt)e-''(«^^'^)-, (1.15) 



for C G Sj for even j, 


(1.12) 


for C G Sj for odd j, 


(1.13) 


for C G M". 


(1.14) 



where 

N 



^(_\ J)e-^™^ e(C;x,r) = ^c'/2-irc='/2 + xC^/2. (i.ie) 



Remark 1.5 In j22j . Kapaev uses a slightly modified RH problem for the Pf equation with 
parameter T = 0. However a transformation shows that both RH problems are equivalent. 

Remark 1.6 The RH problem for Pf is similar to the RH problem for the Painleve I equation, 
see |23| . The only differences are that, for Painleve I, there are only six rays in the jump contour, 
and that the highest exponent of (^ in is 5/2. For the ?Ti-th member of the Painleve I hierarchy, 
there are 4 + 2m rays in the jump contour, and the highest exponent of (^ in is m + 3/2. 

The complex numbers sq,...,sq are the Stokes multipliers and do not depend on x and 
T, so that varying the parameters x and T leads to a monodromy preserving deformation 
[TH [THl QUI OT] . The RH problem can only be solvable if the Stokes multipliers satisfy the 
relation 

:?)c?)a")(JT)aoG?)a^uj)^ (-> 

As we will show in Section [2.31 fin fact we only treat one particular choice of Stokes multipliers, 
but the proof holds in general) , a solution ^ of the RH problem for ^ also satisfies the following 
system of differential equations, which is the Lax pair for the Pf equation, 

_ = C*, _ = w% (1.18) 



where 




,,_ ^ , -4yxC - (122/2/x + Vxxx) 8(2 + 8yC + (12y2 + 2y,, - 120r)\ 
U21 4ya;C + {I2yyx + yxxx) ) 

U21 = 8C^ - 8yC^ - (4y2 + 2yxx + 120T)C + (16/ - 2yl + ^yy^x + 240x), (1.20) 

and 




Figure 1: The oriented contour T consisting of the four straight rays Fi, r2, T3, and r4. 



The compatibihty condition of the Lax pair H1.18() - (|1.21() is exactly the Pf equation H1.4() . 
see e.g. j21] for T = 0. Different choices of Stokes multiphers sq, . . . ,sq correspond to different 
solutions of the Pf equation. The particular solution we are interested in, is the unique solution 
with Stokes multipliers si = S2 = S5 = sq = 0. It then follows by (|1.17|) that so = 1 and 
S3 = S4 = —1. Kapaev conjectured in j22j that, for T = 0, this solution has asymptotics for 
X -^ ±00 which agree with (|1.5|) . 

1.4 Outline of the rest of the paper 

In the next section, we prove the first part (the existence part) of Theorem II. II In order to do 
this, we introduce in Section [2.11 a RH problem for <&, which is equivalent to the RH problem 
for ^ (the RH problem for Pj) with Stokes multipliers si = S2 = S5 = sg = 0, sq = 1, 
and S3 = S4 = —1. Afterwards, we prove in Section 12.21 the solvability of the RH problem 
for <1> for real x and T by proving that the associated homogeneous RH problem has only the 
trivial solution. This approach is often referred to in the literature as a vanishing lemma, see 
e.g. O IHl llf^l I16| l,S5j . We are only able to prove the vanishing lemma for real x and T due to 
symmetries in the RH problem. In Section [2.31 we show that ^ satisfies a Lax pair of the form 
(|1.18j) - (|1.21|) . with y given in terms of <1>. By compatibility of the Lax pair, it follows that y 
solves the Pf equation, and by the solvability of the RH problem, y has no real poles. 

In Section 3 we prove the second part (the asymptotics part) of Theorem ll.il We do this 
by applying the Deift/Zhou steepest-descent method [TOt IHTj to the RH problem for <1>. In this 
method, we perform a series of transformations to reduce the RH problem for <1> to a RH problem 
that we can solve approximately for large |x|. By unfolding the series of the transformations, 
we obtain the asymptotics for y. 

2 The existence of a real pole-free solution to Pf 

2.1 Statement of an associated RH problem to Pf 

Let r = [jj^i Tj be the contour consisting of four straight rays, 

Gvr Gtt 

ri:argC = 0, r2:argC=— , r3:argC = 7r, r4:argC = — ^, 

oriented as shown in Figure^ We seek (for j;, T € C) a 2 x 2 matrix valued function $(C; x, T) = 
^{C) (we suppress notation of x and T for brevity) satisfying the following RH problem. 



RH problem for <I>: 

(a) <I> is analytic in C \ F. 

(b) <1> satisfies the following constant jump relations on T, 

$+(C) = $-(C)fi ]), forCeri, (2.1) 



1 ' 



ci>+(C) = $-(C)(} J), forCGr2ur4, (2.2) 

cl>+(C)=^-(C)f ° nV forCGTs. (2.3) 



^ -1 0^ 

(c) <1> has the following behavior at infinity, 

q>{() = {I + 0(l/C))C~^'''^^e-^('^'^■'^)'^^ as C ^ 00, (2.4) 

where N and 9 are given by ()1.16|) . 

Remark 2.1 By multiplying <1> to the left with an appropriate matrix independent of C? see 
(|2.32jl below, we obtain by Proposition 12.51 the RH problem for ^, as stated in Section [l. 31 for 
the particular choice of Stokes multipliers si = S2 = s^ = sq = 0, sq = 1, and S3 = S4 = — 1. 

Remark 2.2 Let <l> be a solution of the RH problem. By using the jump relations H2.1|) - H2.3|) 
one has that det <!>+ = det <!>_ on T. This yields that det $ is entire. From (|2.4jl we have that 
det$(C) ^ 1 as (^ — > 00, and thus, by Liouville's theorem, we have that det$ = 1. 

Now, suppose that $ is a second solution of the RH problem. Then, since <^ and $ satisfy the 
same jump relations on T, one has that $ $~^ is entire (observe that $~^ exists since det <& = 1). 
From ()2.4() we have that $(C)^(C)~^ — > / as C ^^ 00, and thus, by Liouville's theorem, we have 
that $ <1>^^ = /. We now have shown that if the RH problem for $ has a solution, then this 
solution is unique. 

2.2 Solvability of the RH problem for $ 

Here, our goal is to prove that the RH problem for $ is solvable for x,T gM. Moreover, we will 
also strengthen the asymptotic condition (c) of the RH problem and prove analyticity properties 
in the variables x and T. In case x = T = 0, the solvability of the RH problem for $ has been 
proven by Deift et al. in [HI Section 5.3]. The general case is analogous but for the convenience 
of the reader we will recall the different steps in the proof and indicate where we need the 
restriction to x,T G M. The result of this subsection is the following lemma. 

Lemma 2.3 For every xq,Tq G M, there exist neighborhoods V of xq and W oJTq such that for 
all X gV and T gW the following holds. 

(i) The RH problem for <1> is solvable. 

(a) The solution <1> of the RH problem for ^ has a full asymptotic expansion in powers of C,^^ 
as follows, 

00 
$(C;x,r)~ (/ + ^AfcC~'')r3-3 7Ve-^(C;^'^)-3, (2.5) 

fc=l 

as C ^ 00, uniformly in C\T. Here, the A^ = Ak{x, T) are real-valued for x, T G M. 



(in) The solution $ of the RH problem for $, as well as the Aj. in (|2.5|) . are analytic both as 
functions of x and T . 

Remark 2.4 The important feature of this lemma is the fohowing. In the next subsection we 
will show that y = 274i^ii — A\ ^21 where Ai^ij is the (i, j)-th entry of Ai, is a solution to the Pj 
equation. From the above lemma we then have that this y is real-valued and pole-free on the 
real axis, so that the first part of Theorem II .11 is proven. 

In order to prove Lemma 12.31 we transform, as in j8| Section 5.3], the RH problem for $ 
into an equivalent RH problem for $ such that the jump matrix for ^ is continuous on F and 
converges exponentially to the identity matrix as C ^ 00 on F, and such that the RH problem 
for $ is normalized at infinity. To do this, we introduce an auxiliary 2x2 matrix valued function 
M satisfying the following RH problem on a contour F°" = IJ . ^^ F^ consisting of four straight 
rays 

F^argC = 0, F^argC = a, F^argC = vr, Fj:argC = -c7, (2.6) 

where a E (f, vr). We orientate the straight rays from the left to the right, as shown in Figure^ 
for the contour F. The dependence on the parameter a is needed in Section |21 In this section, 
we take a = 67r/7 fixed, so that F"^ = F. 

RH problem for M: 

(a) M is analytic in C \ F"". 

(b) M satisfies the following jump relations on F*^, 

M+(C) = M_(C)fj '"t j' for c erf, (2.7) 

M+(C)=M_(C) (4^3/2 °j, forCGF^UF-, (2.8) 

M+(C) = M_(C)(_°^ J), forCeFf. (2.9) 

(c) M has the following behavior at infinity, 

00 
M{C)^{l + Y,BkC'')c-^''''N, asC^oo, (2.10) 

k=l 

uniformly for (" G C \ F*^ and a in compact subsets of (f , vr). Here, A^ is given by equation 
(HHni), and for /c > 1, 



0\ R _ /^O S2fc_i\ _ S2k 

t2U-i OJ' ^3'=-i-U J' ^3^-U W 



with 



F(3fc + l/2) 6fc + l ^ 

"^^^ " 36^A;!F(A; + 1/2) ' "" ~ 6A; - 1 '^ ^ ^ 



It is well-known, see e.g. [7| IH], that there exists a unique solution M to the above RH pro- 
blem given in terms of Airy functions Ai . The matrix valued function M is the so-called Airy 
parametrix and for the purpose of this paper we will not need its exact expression but refer the 
reader to [3 |H] for this. 

We now define $(C; x, T) = $(C) by 

$(() = $(C)e^(^)'^3M(C)~\ for C G C \ r. (2.13) 

A straightforward calculation, using ^T^-^T^, (IT71)~ (|TTn|) . and 6'+(C) + 6'_(C) = for C G K-, 
shows that $ satisfies the following RH problem. 

RH problem for <I>: 

(a) ^ is analytic in C \ F. 

(b) $+(C) = $-(C)'y(C) for C G r, where v{C,) = v{C;x,T) is given by 

M^(C)f , ]M^{C)-\ forCGTi, 



<C) = { 



1 



1 0\ , , , (2.14) 

26(0 _ el<'^'' 1 



,1, forCeTg. 



(c) $(C)=/ + 0(1/C), asC^oo. 

Observe that the jump matrix v is indeed continuous on T and that it converges exponentially 
to the identity matrix as C — > oo on F. This RH problem corresponds to the RH problem [SJ 
(5.108)-(5.110)], and the only difference is that we now have a factor e^"^^ (containing the x,T 
dependence) instead of e^^ in the jump matrices. 

Proof of Lemma 12. 31 (i). From (|2.13jl it follows that proving the solvability of the RH problem 
for ^ is equivalent to proving the solvability of the RH problem for $. By general theory of the 
construction of solutions of RH problems, this is reduced to the study of the singular integral 
operator, 

a : L\T) ^L\r):f^ C+ [f [l - t;"^)] , (2.15) 

where v is the jump matrix ()2.14|1 of the RH problem for $, and where C-j- is the -|-boundary 
value of the Cauchy operator 



Cf{z) = — I ^^ds, for z G C \ r. 
27ri Jy s — z 

Indeed, suppose that I — C^ is invertible in Lp'iT). Then, there exists /x S Lp'iX) such that 
(I — Cy)^ = C+(/ — w^"*^), and it is immediate that 

2m Jy s-Q 

is analytic in C \ T and satisfies (since C+ — C_ = /) condition (b) of the RH problem for $ 
in the so-called L^-sense. However, as in [51 Step 3 of Sections 5.2 and 5.3], one can use the 



analyticity of v to show that 'i' satisfies jump condition (b) in the sense of continuous boundary 
values, as well. Further, as in |8i Proposition 5.4], it follows from the exponential decaying of 
/ — v~^ as C ^ c>o on r that the asymptotic condition (c) of the RH problem for $ is also 
satisfied. We summarize that the RH problem for <1> is solvable, with solution given by 1)2. 16() . 
provided the singular integral operator I — C^ is invertible in L^(r). 

First, we consider the case x,T S R. For this case, we show that I — Cy is invertible by 
showing that it is a Fredholm operator with zero index and kernel {0}. Exactly as in [SJ Steps 
1 and 2 of Section 5.3] one has that / — C^, is a Fredholm operator with zero index. In this step, 
one does not need the restriction to real x and T. It remains to prove that the kernel of / — C„ 
is {0}, and it is in this step that we will need the restriction that x,r G M. This is (again) as 
in [HI Section 5.3] but for the convenience of the reader we will indicate were we need x and T 
to be real. 

Suppose there exists /Uq G ^^(r) such that (J — Cv)fio = 0. One can then show that the 
matrix valued function $o defined by 

S , 1 / wW(/-^(.)-') ,^^ f„K € C \ r. (2A7) 

2Tn Jy s-Q 

is a solution to the RH problem for $, but with the asymptotic condition (c) replaced by the 
homogeneous condition 

$o(^) = 0(1/0, as C ^ oo, uniformly for C G C \ r. (2.18) 

Since //q = ^o,+ (which follows from (|2.17|) together with (/ — Cy)^o = 0), we need to show that 
$0 — 0. Showing that a solution of the homogeneous RH problem is identically zero, is known 
in the literature as a vanishing lemma, see |H1 115| I16j . 

Now, let 

^o(C) = $o(C)M(C), forCGC\r, 

then it is straightforward to check, using ()2.7 |) " H2.1U|) . ()2.14|) . and (|2.18|) . that $o solves the 
following RH problem. 

RH problem for ^q: 

(a) $0 is analytic in C \ F. 

(b) $0 satisfies the following jump relations on F, 

1 e-2^(« 
1 



$o,+(C) = $0,-(C) 
$o,+(C) = $o,-(C) 

cI>0,+ (C) = 'J>0,-(C) 

(c) $o(C) = C'(l/C)C~^'^'Ar, as C ^ oo, uniformly for C G C \ F. 



1 

e29(C) 1 

r 

-1 0/ ' 



for C G Ti, 


(2.19) 


for C G Ta U F4, 


(2.20) 


for C G F3. 


(2.21) 



Further, we introduce an auxiliary matrix valued function A with jumps only on M, as follows, 
cf. Equations (5.135)-(5.138)] 



^(C) = 



MO 



-1 

1 



for < argC < ^, 



^o(C)(^4) i) (i j' fo^¥<argC<vr, 



(2.22) 



^o(C) 



^o(C), 



1 

_e2^(C) 1 ' 



for —IT < argC < —y-, 



Gtt 



for -^ <argC<0. 



Using ()2.19|) - H2.21|) and condition (c) of the RH problem for $o one can then check that A is a 
solution to the following RH problem. 

RH problem for A: 

(a) yl is analytic in C \ M 

(b) A satisfies the following jump relation on M, 



^+(C) = A„(C)(,2/_(c) 



=26+ (C) 





^+(C) = ^-(C) 



.-20(C) 

1 



for C G 



for C G 



^+1 



(2.23) 



(2.24) 



(c) A{C) = ©(C"^/^), as C ^ oo, uniformly for C G C \ M. 

Now, we define (5(C) = ^(C)^*(C)! where A* denotes the Hermitian conjugate of A. The 
matrix valued function Q is analytic in the upper half plane, continuous up to M, and decays like 
C~^'^ as C ^ oo. By Cauchy's theorem this implies, f^Q^{s)ds = 0. Using the jump relations 
(|2.23j) and (|2.24|) we then have. 



^-(s) \ .2e_(s) 



.e2e+(s) 




A*_{s)ds+ / A_{s 



-2e(s) 



Adding this to its Hermitian conjugate, and using the fact ^+(s) 
true since x,T £ M), we arrive at, cf. jH Equation (5.146)] 



A*_{s)ds = 0. 



0-{s) for s G M- (which is 



A-{s) 



2 




A*_{s)ds+ / A 



2e-2e(«) _i 
1 



A*_{s)ds = 0. 



(2.25) 



This is the crucial step where we need x and T to be real. The latter relation implies that the 
first column of A^ is identically zero, and the jump relations 1)2. 23() and (|2.24() then imply that 
the second column of A^ is identically zero, as well. 

By writing out the RH conditions for each entry of A and using the vanishing of the first 
column of A^ and the second column of A^, the matrix RH problem reduces to two scalar RH 
problems. The proof that the solutions of those scalar RH problems (and thus also the second 
column of A- and the first column of A^) are identically zero, is exactly as in B"', Step 3 of 
Section 5.3] using Carlson's theorem, see [SI], and we will not go into detail about this. We 
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then have shown that A = 0, so that also $o = and thus fiQ = 0. We now have proven that 
I — C^ is invertible for x, T G M, which imphes that the RH problem for <^ (and thus also the 
RH problem for $) is solvable for x, T G R. 

Next, fix xq,Tq £ M. Above, we have shown that the singular integral operator /— C^(. ;2:o^To) 
is invertible. Since 

I - Cv{-;x,T) = [I - Ct;(- ;a:o,To)) I + {l - C^{--xo,To)) {C^{- ■,xo,To) " C^{-;x,T)) 

it then follows that / — C^t. . j, y) is invertible provided 

||(/-C„(. ;^0,To)) {Cv{-;xo,To)-Cv{-;x,T))\\ < 1' ' 

where || • || denotes the operator norm. It is straightforward to check that there exist neighbor- 
hoods V of xo and W of Tq such that for all x G V and T €W, 



\Cv{--xo,To) - Cy(^.-x,T)\\ < ||C'+|| \\v{- ; xo,To) - v{- ; x,r)||^(^) 

< ||(-^-C'i.(-;xo,To)) 



(r) 
lll-l 



which implies that the operator / — C^{. ;x,r) is invertible. Hence the RH problem for $, and 
thus also the RH problem for $, is solvable for x G V and T G W. This finishes the proof of the 
first part of the lemma. □ 

Proof of Lemma 12.31 (ii). It follows from the asymptotic expansion (|2.1()|) of M together 
with $ = ^Me~^^^ , see ()2.13|) , that we need to show that <& has a full asymptotic expansion in 
powers of C~^. Insert the relation 

^ = - E ^'"'C-' + '^ ,y for n G N, 

s-C ^ C"(s - C) 

into the solution $ of the RH problem for <1>, which is given by 1)2. 16() . We then obtain for any 

n G N, 

where 

Bu = -^ [ s'^-'il + m(s))(I - vis)-')ds. (2.27) 

As in [HI Proposition 5.4] one can check that the integral in (|2.26|) is of order 0{C,~^^~^'^') as 
(^ ^ oo uniformly for Q G C \ F. We then have shown that $ has the following asymptotic 
expansion in powers of C,~^ , 

OD 

^(C) ~-f + X]^'='^"''' as C ^ oo, uniformly for C G C \ r. (2.28) 

fc=i 

From (|2.1U|1 . (|2.28|) . and the fact that ^ = <l>Pe~^'^^ it now follows that <1> has a full asymptotic 
expansion in the form 1)2. 5(1 . where (with Bq = Bq = I) 

k 

Ak = Y,BjBk-r (2.29) 

3=0 
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It remains to show that the ^4^ are real-valued for x, T S R. It is straightforward to verify 
that for X, T G M the matrix valued function — i<I>(C; x, T)a2, is a solution to the RH problem for 
$. By uniqueness we then have 



$(C;x,r) = -i$(C;2;,r)a3, forx,rG 

which yields 



/ + ^^,<^-^'V-^3^re-^(C;-,TV3 ^ ('j + ^l^<^-feV-^3^e-e(C;x,TV3 



fc=i fc=i 

and hence A^ = Ak for x, T G M. This proves the second part of the lemma. □ 

Proof of Lemma 12.31 (iii). We show that ^ and Aj. are analytic in x, for x G V. The 

analyticity in T follows in a similar fashion. In order to show that $ (and thus also <I>) is 
analytic for x G V we need to show that, letting /i ^^ in the complex plane, 

limi($(C;x + /i,T)-$(C;x,r)) 

exists. Consider the 2x2 auxiliary matrix valued function H{C,] x, T; h) = H{C,) defined as 
follows, 

H{0 = ^C-x + h,T)^C;x,T)-\ for C G C \ T. (2.30) 

Here we take h sufficiently small, so that ^(C;^; + h,T) exists by part (i) of the lemma. It is 
straightforward to check that H satisfies the following RH problem. 

RH problem for H: 

(a) H is analytic in C \ T. 

(b) H satisfies the jump relation -ff+(C) = H-{C)vh{C,) for C ^ T, where 

vh{C) = / + e-2^«^^'^)(e-2^^^^^ - i)8_(C;x,T) (^ J) $-(C;x,T)-\ c G ri, 

vh{C) = I + e''(<-'^'^\e'^<'^' - i)i_(C;x,r) (J 0) ^-iC,x,T)-\ c e r^ ur4, 

VHiO = 1, C G Ta. 

(c) H{C) =1+ C(l/C), as C ^ oo, uniformly for C G C \ T. 

Since vh{C) = I + ^{^) as /i — > uniformly for C G F, where the C(/i)-term can be expanded 
into a full asymptotic expansion in powers of /i, it follows as in [7||nilHl that 

$(C; X + /i, r)8(C; X, r)-i = i7(C) = / + /i^i(C;^,r) + C'(/i2), as/i^o, (2.31) 

where Hi is a 2 x 2 matrix valued function independent of h. This yields, 

iimi(8(C;x + /i,r)-$(C;x,r))=i?i(C;x,r)$(C;x,r), 

h^o n 
which implies that $ (and thus also $) is analytic for x G V. 
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It remains to show that the matrix valued functions A/^ are analytic for x G V. By (|2.16|) . it 
is immediate that 

$+(C) = / + MC), forces, 

so that ^ is analytic for x £ V. By H2.27() it then follows that i?^ is also analytic for x £ V. 
This yields, by ()2.29|) and (|2.11|) . the analyticity of Ak, and hence the last part of the lemma is 
proven. □ 



2.3 Proof of Theorem [TI] (i) 

In order to prove the existence part of Theorem 11.11 we proceed as follows. Introduce, for 
X, T G M, a 2 X 2 matrix valued function \I'(C; x, T) = ^(C) by multiplying the solution <1> of the 
RH problem for $ to the left with an appropriate matrix independent of (, 



*(C) 



1 







Ai, 



12 



cl>(C), forCGC\r. 



(2.32) 



Here ^1,12 is the (l,2)-entry of the 2x2 matrix Ai = Ai{x,T) appearing in the asymptotic 
expansion (|2.5)) of $ at infinity. The important feature of this transformation is that ^ satisfies 
the RH problem for Pj, see Section [l. 31 as we will show in the following proposition. 

Proposition 2.5 The matrix valued function ^, defined by 1)2. 32() . is a solution to the RH 
problem for ^, see Section lOl with Stokes multipliers si = S2 = s^ = sq = 0, sq = 1, and 
S3 = S4 = — 1, and with the asymptotic condition (c) replaced by the stronger condition 



where ^ has a full asymptotic expansion in powers of Q^^'"^ as follows, 

1 r h^ 



(2.33) 



^{C;x,T)r.I-hasC'^^ + 



-iy /i^,'^ 



1 



nE 



fc=i 



qk irk \ >-fc-| 
irk -Qk 



2 + 



Vk iWk \ ^-fc-l 

-iwk Vk 



as C ^ 00 uniformly for (" G C \ F. Here, y = y{x,T) is given by 



y = 2^1,11 - A 



1,12- 



(2.34) 



(2.35) 



Further, h = Ai^i2 and the qk,rk,Vk and wt are some unimportant functions of x and T (inde- 
pendent of Q). 

Proof. The fact that ^ satisfies conditions (a) and (b) of the RH problem for ^ follows trivially 
from ()2.32|) together with conditions (a) and (b) of the RH problem for <1>. So, it remains to 
show that ^ given by 



$ = iV-iC^^(C)e^^'^^''', 



(2.36) 



satisfies an asymptotic expansion of the form (|2.34|) with y given by (|2.35() . It follows from 
((23ni), (^^^ and (EISI) that 



$(C) ~ A^^^C^ 







A 



1,12 



l + Y,^kQ~ 



k=l 



C^N 



\k=0 / 



N, 



(2.37) 
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where 



^n 



1 

^1,12 1 



and Ak 



Ai, 



12 



1 



Ak, 



for k > 1. 



Now, using the facts that ^o,ii = ^0,22 = 1) that Aq^i2 = and that Aq^21 = ^1,12 = ^1,12 we 
find, 



fc=0 

00 

= E 

k=0 



y 0\ ,_. /O A,,i, 

^fc,2i or ^lo 



/ + ^ia2(? 1]C"' 



+ 



^1,1 










2 + 1^^1 y \C^ 

' .4.22'^ 



+E 



10/^ V ^1,22 

Ak+i^i2\ ._t_i . (A 



fc=i 



^fc. 
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C" 



"2 + 



fc+1,11 




A, 



fc+1,22 



-fc-i 



Inserting this into (|2J-i7j) and using (|1.16j) we arrive at, 

$(C;X,r)~/-/ia3rV2 + i(' ^1,11+^1,22 i(^l,ll-^l,22; 

^ ^ 2 V-i(^l,ll-^l,22) Ai,n + Ai,22 



c-^ 



1 



+ iE 



fc=i 



gfc irk \ A-fc-i _^ 
^'^fc -Qk} 



Vk iWk \ .-fc-l 

-iwk Vk 



(2.38) 



where /i = yli,i2 and where the qk^rk^vt-, and w^ can be written down exphcitly in terms of Ak 
and AkJ^i. Now, note that since det<I> = 1 (see Remark 12 .2^ and since, by ()2.5() . 



det $ = 1 + (Ai,ii + ^i,22)C~^ + 0{C 



as C — ^ cxD, 



we have that ^1^22 = — ^i,ii- This together with the facts that Ai^n 
^1,12 + ^1,22 yields, 

^,11 + il,22 = ^?,12 = ^^ ^1,11 - ^,22 = 2^1,11 - A?^i2 = y. 

Inserting this into H2.38() the proposition is proven. 



^1 11 and Ai 22 



D 



The idea is now to show that ^ satisfies the hnear system of differential equations (|1.18|) - 
H1.21() with y given by ()2.35|) . so that by compatibihty of the Lax pair this y is a solution to 
the Pj equation (|1.4() . Since by Lemma [2.31 the functions ^1,11 and ^1,12 are real- valued and 
pole- free for x, T G M we have that y itself is real- valued and pole- free for x, T € M, so that the 
first part of Theorem 11.11 is proven. 

Proof of Theorem 11.11 (i). Recall from the above discussion that we need to show that 
the matrix valued functions (note that, by Lemma 12.31 fiii) and (|2.32p . ^ is differentiable with 
respect to x) 



-f- 



and 



ox 



(2.39) 
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are of the form (|1.19jl and H1.21|) . respectively, with y given by (|2.35|1 . Observe that, since ^ 
has constant jump matrices, the derivatives ^ and ^ have the same jumps as ^, and hence 
U and W are entire. 

First, we focus on U . By (|2.33|) . 

Since det<I> = 1 we obtain from (|2.32jl and (|2.33jl that det ^ = 1, as well. Then, it is easy to 
verify that 

^^ y 2$21$22 -1 - 2$i2$2iy ^ \-iQ2i -Qu 

and hence, by (|1.16|) . 

2(^21 — <5i2) —2(^21 + Q12) — <5i 

^2(^21 + Q12) — <5ii 2(^12 — <32i 



N^as^-'N-' = i ^ ^'^'' ^''' ^^■— —' -"1. (2.41) 



The asymptotics of the functions Qw^Qvi and Q^x at infinity follow from the asymptotic be- 
havior ((T^ of $. We find, as C ^ 00, 

Qii = 1 + ^y'C"' + (y^i - \r'i)C^ + ©(C"'), (2.42) 

Qi2 = vC^ + (ri - y/i)C-'/' + (^y/i' - /^n + ^«i)c-2 

+ ^iC"'/' + <"' + vC"'' + 0(C-^), (2.43) 

Q21 = yC"' - (n - y/i)C-'/' + (^y/^' - hr^ + u;i)C-' 

- ^tC"'/' + <-' - <"'/' + 0(C-'), (2.44) 

o 

where t, u and v are some functions of x and T. Inserting H2.41() - (|2.44() into ()2.4U|) and using 
the fact that, 

it is straightforward to check that, 

~ 240 l^SC^ - 8yC' + cC + d -aC - t J ^ (^^(C-^) 0{C,-^)) ' 

with 

a = 8ri - 8y/i, (2.45) 

6 = 42/2 _ l20r + 4y/i2 - 8/iri + 8u'i , c = 4^^ - 120r - 4^/1^ + 8/iri - 8wi , (2.46) 
d = Sy-wi - 4r? + 120x + 120yr - 8n, e = 8yu;i - At\ + 120x - 120yT + 8u. (2.47) 

Since U is entire, it contains no negative powers of C,. In particular e = 0, so that 

d = d + e = leyu-i - 8rJ + 240x. (2.48) 
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We now have shown that, 

1 / aC + t 8C^ + 8yC + b\ 

U = — — (2 4c\) 

240 [sC^ - 8ye + cC + d -aC-t J' ^ ' ' 

where a, b and c are given by (|2.45|) and H2.46() . and where d is given by H2.48() . 
Next, we consider W. Observe that by (|2.33|) . 

W = C^Nj- ^'^N'^C^ - T^C^ (N^as^^^N-^) (^ . (2.50) 



From (12.341) we obtain 



where hx denotes the derivative of h with respect to x. Further, using (|2.4H) - (|2.44)) together 
with the fact that ^ = C^ ) '^s have 

-|C-* (A^*.3$-'iV-') C* = (^ ! ^ ;) + OK-^ (2^52) 

Inserting (|2.51|) and (|2.52|) into (|2.50|) . and using the fact that W is entire (so that W contains 
no negative powers of C) we arrive at, 

W= ( ^ , ° , }^ . (2.53) 

We will now complete the proof by determining the functions a, 6, c, d, t and hx exclusively 
in terms of y, yx, yxx, and yxxx, using the compatibility condition 



dCdx dxdC, 

dU dW 

This condition is equivalent to — \- UW — WU = and leads, after a straightforward 

ox oC 

calculation, to 



Coe + CiC + C2 = 0, 



where 



f8{hx + y) \ 

Co = , (2.54) 

\^-8y, -2a 8{hx + y) ) 

(ax + 8y{hx - y) + b - c 8yx + 2a \ 

Ci = I , (2.55) 

\ Cx- 2a{hx -y) -2t -ax - 8y{hx - y) - b + cj 

f tx + bihx -y)-d bx + 2t \ 

C2=i . (2.56) 

\dx - 2t{hx -y)- 240 -tx - bihx - y) + d 
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Since Cq = we deduce that hx = —y, and hence by (|2.53|) W is of the form (|1.21|) . and that 
a = —^Vx- By H2.45() we then have, 

ri = --y-x + yh. (2.57) 

Further, since Ci^n = we then obtain from H2.46|) that 

1 11 

wi = -yxx + y^ + ^yh^ - ^yxh. (2.58) 

Inserting the expressions (|2.57|) and ()2.58|) for ri and wi into the expressions H2.45() . (|2.46l) and 
(|2.48j) for a, b, c and d, and using the fact that t = —\hx (since C2,i2 = 0) we arrive at 

a = -4yx, b = 12y2 + 2yxx - 120T, (2.59) 

c = -4y2 - 2yxx - 120T, d = I6y^ - 2yl + Ayyxx + 240x, (2.60) 

t = -12yyx - yxxx- (2.61) 

Inserting the latter equations into (|2.49|) we have that U is of the form ()1.19|) . Note that the 
fact that y satisfies the Pf equation now follows from C2^u = 0. This proves the first part of 
the theorem. □ 

Remark 2.6 Note that, by Lemma l2. 31 fiii). we can safely differentiate y and h with respect to 
X, as we did in the above proof. 

3 Asymptotic behavior of y{x, T) as a: ^^ =too 

In this section we will determine for fixed T S R the asymptotics (as x — > ±00) of the particular 
solution y{x,T) of the Pj equation with no poles on the real line as constructed in the previous 
section and given by, cf. ()2.35|1 . 

y = 2Ai,n - A?,i2- (3.1) 

Here, Ai is the matrix valued function appearing in the asymptotic expansion (|2.5(1 for $. So, 
it suffices to determine the asymptotics (as x — > ±00) of the first row of Ai which we will do by 
applying the Deift/Zhou steepest-descent method [711511^1 1101 II Ij to the RH problem for $. 

3.1 Rescaling of the RH problem and deformation of the jump contour 

Let zq = zq{x,T) £ E (to be determined in Section IS^ and let F = Ufci^j be the oriented 
contour through zq as shown in Figure [JJ Here, the dotted lines are in fact F2 and F4, see Figure 
n and are not part of the contour. The precise form of the contour F (in particular of r2 and 1^4) 
will be determined below. Now, introduce the 2x2 matrix valued function Y{(^;x,T) = Y{Q 
as follows, 

'^{\x\^/^C), for Ceiuiiuiiiuiv, 

$(|a;|i/3C)(^ ° I , forCeV, 



Y{C) 




(3.2) 
$(|x|i/3C) ( " " ) , for Cg VI, 



where $ is the solution of the RH problem for $, see Section [2.11 and where the sets I, II,. . .,VI 
are defined by Figured Then, it is straightforward to check, using H2.1() - ()2.3() . 1)2. 5() and H1.16() . 
that Y satisfies the following conditions. 
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Figure 2: The contour f = |Ji=i ^j- Note that the dotted hues are not part of the contour. 



RH problem for Y: 

(a) Y is analytic in C \ T. 

(b) Y satisfies the same jump relations on T as <1> does on T. Namely, 



y+(C) = y-(C)(J I 



y+(C) = y-(C) 



1 

1 1 



VVKJ-V^OU": 01 • 



for C G Ti, 


(3.3) 


Cef2uf4, 


(3.4) 


for C G fa. 


(3.5) 



(c) Y has the following behavior as (^ ^ oo, 

^CM c 4 \X\ 12 



nc)~ [i+^Ak\x\ 
\ fc=i 



fc/3^-fc ] ^_i^|^|_^^^_|:,.|7/6e(^.^^r)^3 



where 



(3.6) 



^(C;x,r) = ^c'/2 - ^|x|-2/3tc3/2 + sgn(x)c^/2. (3.7) 

3.2 Normalization of the RH problem for Y 

In order to normalize the RH problem for Y at infinity we proceed as Kapaev in j23j . Introduce 
a function g{(!^; x, T) = g{Q of the following form, 



n7/2 



g{0 = ci(C - zoY^' + C2(C - zor' + C3(C - zoY^'. 



5/2 



n3/2 



(3.8) 



where zq and the coefficients ci, C2, and C3 are to be chosen independent of ^ (but possibly 
depending on x and T) in such a way that 



5(c) = e"(C) + o(r'/'), asc-00. 



(3. 
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2 4 6 




Figure 3: Contour plot of Rey for T = and x > 0. The shaded areas indicate where Re^ > 0. 

If we let zq = zo{x,T) be the real solution of the following third order equation (which has 
one real and two complex conjugate solutions), 



-sgn(a;)48 + 24zo|x|~^/^r, for x / 0, 



and if we set 



^^=1^' ^^ = 3^"°' ^^ = 3^"o-^^"("^3i^' 



(3.10) 



(3.11) 



then it is straightforward to verify, using (|3.7|) and (|3.8|) . that for ^ sufficiently large, 

gic) = m + Y.bkC'"'^, (3.12) 



k=0 



for some unimportant b^s which depend only on x and T and which can be calculated explicitly. 
The latter equation yields that for ^ large enough. 



f/«(<?(C)-e(C)V3 



I + Y^d.alC'/', 



(3.13) 



k=l 



where the coefficients dk can also be calculated explicitly. Further, observe that by H3.13() we 
have det(/ + Y.T=i dk^^C'"''^) = 1, which yields 



do = -di. 



(3.14) 



Another crucial feature of the ^-function is stated in the following proposition, which is 
important for the choice of the contour P, and which is illustrated by Figure IHI 

Proposition 3.1 There exist constants c > 0, eo > and xq > such that for x > xq, 

Reg{C)>c\C-zo\''/^>0, as Arg{C - zq) = 0, (3.15) 

Regie) < -c\C - zof/^ <0, as f - eo < |Arg(C - zo)| < ^ + eo- (3.16) 

Proof. With ( = Zq + re^^ we have 

r"'^/2Re5(C) = ci cos(7(/>/2) + ca cos(50/2)r"^ + cg cos(3(/>/2)r"^ (3.17) 
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where by using (|3.1Uj) and (|3.11|) 

Cl = ^, C2 = -^Sgn(x)6l/3 ^ 0(x-2/3), C3 = 6-1/3 ^ 0(^-2/3)^ (3^18^ 

as |x| — > oo. Observe that the right hand side of (|3.17|) is a second order equation in r~^, so 
that it is straightforward to check that, 

min(r-^/'^Re5(C)) = ci - ^- = + ©(x-^/^), as (^ = 0, (3.19) 

4c3 350 

which yields akeady (|3.15|) . and that 

max(r-7/6Re5(C)) = ci cos(7</./2) - ^^^fM^, as 7r/3 < |0| < vr. (3.20) 

4c3 cos(3<p/2j 

Further, since 

cos(7<^/2) = -1, -^^41^ < 1-31, as0=f, 

cos(3(p/2) ' 

there exists, by continuity in (j), a constant eq > sufficiently small such that the following 
estimates hold, 

cos(7,^/2) < -0.99, - "°'7-!f,C? < 1-31' as f - eo < |<^| < f + ^o- 

cos(30/2) ' ' 

This implies by (n07|) and (TnKl) that 

„2 

max(r-^/^Rec/(C)) < -0.99ci + 1.31-^ < -0.00069 + ©(x'^/^), 

4C3 

as^-eo<|</)| <f + eo, (3.21) 
which proves (|3.16|) . □ 

Remark 3.2 Recall that the contour T (in particular r2 and r4) is not yet explicitly defined. 
For now, we choose r2 and r4 to lie in the sectors where ()3.16() holds. 

We are now ready to normalize the RH problem for Y at infinity. Let S{C; x, T) = S{C,) be 
the following 2x2 matrix valued function, 

5(C) = (^^|^^|i/6 ^^Y{C)e\^\"'3'^0<^\ forCeC\f, (3.22) 

where Y, g and di are given by (|3.2|) . 1)3. 8|) and (|3.13|) . respectively. It is then straightforward 
to check, using ()3.3() - ()3.5() . using the fact that g+iO + fi'-(C) = for (" S (— oo,zo), and using 
1)3. 6|1 . (|3.13|1 . H1.16|) and 1)3. 14() . that S satisfies the following conditions. 

RH problem for S: 

(a) S is analytic in C \ F. 
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(b) 5'+(C) = S-{C)vs{C) for C S f , where vs is given by, 



vsiC) = < 







1 



1 





g2|xr/6g(C) 


1 


A 




-1 ' 





, forCGTi, 
for CGf2Uf4, 
for C G fa. 



(3.23) 



(c) S has the following behavior as C ^ oo, 



s{C) 



1 + 


(I o\ / 


1 o\ 


\x\-^/\'^ 




- (¥ 


-dl|x|-^/6^ 
* ) 


C^ + o{c^) 



Q-'^\x\~^N, (3.24) 



where the *'s denote unimportant functions depending only on x and T. 

Remark 3.3 Note that by Proposition 13.11 the jump matrix vg on ri,r2 and r4 converges 
exponentially fast (as x — > ±00) to the identity matrix. 

3.3 Parametrix for the outside region 

From Remark 13.31 we expect that the leading order asymptotics of ^ will be determined by a 
matrix valued function P^°°i (which will be referred to as the parametrix for the outside region) 
with jumps only on (—00, zq) satisfying there the same jump relation as S does. Let 



p(°o)(^) 



krS(C-^o)"^A^, forCGC\(-oo,zo]. 



(3.25) 



Then, using (|1.16|1 and the fact that {C, — zq)^ (C — zo)_ 
that 



e 2'^^ ioi C & (— OO) zq), we obtain 



,M. ^ / 1 



N 



PA 



[z) 



I 



for C e (-00,2:0)- 



(3.26) 



Before we can do the final transformation S >-^ R we need to do a local analysis near zq since 
the jump matrices for S and P^°°' are not uniformly close to each other in the neighborhood of 

Zq. 

3.4 Parametrix near zq 

In this subsection, we construct the parametrix near zq. We surround the fixed point zq, see 
H1.2|) . by a disk Ug = {z £ C : \z — zq\ < 6} with radius 6 > (sufficiently small and which 
will be determined in Proposition 13.41 below as part of the problem) and we seek a 2 x 2 matrix 
valued function P{(; x, T) = -P(C) satisfying the following conditions. 
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RH problem for P: 

(a) P is analytic in [/^ \ F. 

(b) P+{C) = P-iO^siC) for C G r n Us, where vs is the jump matrix for S given by (|3.23|) . 

(c) P{C)P^'^HCy^ =1 + 0{x-^), as X ^ ±00, uniformly for C G dU^. 

We start with constructing a matrix valued function satisfying conditions (a) and (b) of the 
RH problem. This is based upon the auxiliary RH problem for M with jumps on the contour 
V, see Section O The idea is that, by ^TT^-^I^, the matrix valued function M(|x|^/^/(z)) 
will satisfy conditions (a) and (b) of the RH problem for P if we have appropriate biholomorphic 
maps / on Us which satisfy the following proposition. 

Proposition 3.4 There exists xi > xq > and J > such that for all \x\ > xi there are 
biholomorphic maps f = /(• ;x,T) on Us satisfying the following conditions. 

1. There exists a constant cq such that for all (^ £ Us and \x\ > xi the derivative of f can be 
estimated by: cq < |/'(C)| < 1/co o-nd \ arg/'(C)| < eo with eq defined in Provosition Vd.W 

2. f{Us n M) = f{Us) n M and f{Us n c±) = fiUs) n C±. 

3. |/(C)'/' = 9(0 for CeUs\ (-00, zo]. 

Proof. One can verify, using (|3.18l) . that there exists xi > xq > sufficiently large and 5 > 
sufficiently small, such that for all |x| > xi the function /(C;x,T) = /((") defined by 

/(C) = (^C3 + ^Ci(C - Zof + lc2iC - ^O)) (C - Zo) 

^^^' ^ iC-zo), (3.27) 



2(C-Zo)3/2 



is analytic for C G C/^, and that / is uniformly (in x and Q bounded in Us- By Cauchy's theorem 
for derivatives we then also have that /" is uniformly (in x and () bounded in Us for a smaller 
S. Then, there exists a constant C > such that 



\no-nzo)\ 



'^ f"{s)ds 



< C\C — zq\, for all |x| > xi and ( G Us- 



Since, by H3.18|) . /'(^o) = {^c^)'^'^ > const > for |x| large enough, this yields that for all 
\x\ > xi (for a possible larger xi) the functions / are injective and hence biholomorphic in Us 
(for a possible smaller 5) and that they satisy part 1 of the proposition. 

The second part follows from the first part (for a possible smaller 6). The last part follows 
from the second part and from H3.27() . □ 

Now, let |x| > xi and a G (f ,7r) (we will specify our choice of a below), and recall that the 
contour T is not yet explicitly defined. We suppose that T is defined in Us as the pre-image of 
V^ n f{Us) under the map / (so T depends on the parameters x and a), where V^ = U^^^T^ 
is the jump contour for M, as defined by (|2.6() . Then, we immediately have, by H2.7|) - ()2.9() and 
part 3 of Proposition IH31 that M(|x|^'^/(C)) satisfies conditions (a) and (b) of the RH problem 
for P. Moreover, for any invertible analytic matrix valued function E in Us, one has that 

P(C) = EiC)Mi\x\'/'fiC)), for C€Us\r, (3.28) 
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satisfies also conditions (a) and (b) of the RH problem for P. We need E to be such that the 
matching condition (c) is satisfied as well. Let 

E(c) = ixrS(c-zo)-^(ixr/v(c))'^, (3.29) 

which of course is an invertible analytic matrix valued function in Us- Then, using (|2.1Uj) . (|2.11j) 
and ()3.25|) we have, 

P(^)p(oo)(^)-i ^ J ^ Ailxl"! + Aal^r^/^ ^ f |x|-^/=^) , (3.30) 



as X — > iboo uniformly for (" G dUs and a in compact subsets of (f ,vr), where Ai and A2 are 
given by 

^^^/^(w) it 0)' ^^ = 7(^(w) (0 0)' ('•'') 



and where ti and si are unimportant constants given by (J2TT2J. We then have shown that P 
defined by ()3.28|) satisfies the conditions of the RH problem for P. This ends the construction 
of the parametrix near zq . 

3.5 Final transformation 

We will now perform the final transformation. Recall that the contour F is still not yet explicitly 
defined. We will now define it in terms of the (sufficiently large) parameter x. 

Consider the fixed point zq + 5e^r (which depends only on sgn(x)) on dUs- Since zq — > zq 
as X — > ±00, see Remark 11.21 there exists X2 > xi sufficiently large such that for all |x| > X2, 

— - - £0 < arg(2:o + de 7 - zq) < ^ + ^0, 

where Eq is defined in Proposition 13.11 From Proposition 13.41 we then know that for |x| > X2 
there exists a = a{x) G (^ - 2eo, ^ + 2eo) such that f~^{T^) n dUs = {zq + Se^}. By the 
symmetry /(C) = f{() we then also have f~^{T'l) n dUs = {zq + (5e~^^}. We now define F in 
Us (for |x| > X2) as the inverse /-image of the contour F"". Outside Us, we take Fi U Fa = M, 
fa = {zq + te^'''/'^ : t > (5}, and f4 = {zq + te~^'^'/'^ : t > 5}. Note that by Proposition EH 

Re5(C)>c|C-^or/' forCefi\C/5, (3.32) 

Re 5(C) < -c|C - ^0!'/' for C e (f 2 U f4) \ Us. (3.33) 

Further define a contour F/j as Tr = F U dUs ■ This leads to Figure 0] Note that F^j n Us 
depends on x. However, the part of Tr outside Us is independent of x. 

Now, we are ready to do the final transformation S ^^ R. Define a 2 x 2 matrix valued 
function i?(C; x, T) = R{C) for C G C \ Tr as 

^(0 = I^K'^K':' , '°'(^'"'''^-' (3.34) 

\S{C)P^'^HCy\ for C elsewhere, 

where P is the parametrix near zq given by ()3.28() . P^°°' is the parametrix for the outside region 
given by (|3.25() . and S is the solution of the RH problem for S. 

By definition, R has jumps on the contour F/j. However, S and P have the same jumps on 
r_R n Us- Further, S and p(°°) satisfy the same jump relation on (—00, zq — 6). This yields that 
R has only jumps on the reduced system of contours Tpt (which is independent of x), shown in 
Figure [51 

Using 1)3. 34() . 1)3. 24() and 1)3. 25() one can now show that i? is a solution of the following RH 
problem on the contour F/j. 
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Figure 4: The contour F/j = Tr U dUs- The part of Tr inside Us depends on x. The rest of Tr 
is independent of x. 



RH problem for R: 

(a) R is analytic in C \ Tr. 

(b) R+iC) = R-{C)vRiC) for C G f^, with VR given by 

^il(C) = P^^\C)vs{C)P'^^\Cr\ for C G ffi \ 5f/5. (3.35) 

MO = P(C)^^°°^(C)"\ for C G 5[/5. (3.36) 

(c) i?(C) = / + 0(r^) asC^oo. 

Remark 3.5 Observe that by ()3.3U|) . ()3.32|) and H3.33() we have as x — > ±00, 

f/+Ai|2;|-i+A2|x|-4/3 + C)(|x|-^/3), uniformly for C G 9C/5, 
vr{C) - j j ^ ^^g_c|xr/6|c-^o|7/2^ uniformly for C G f ^ \ dUs, 

for some constant 7 > 0, and where Ai and A2 are given by p.31|) . As in [Tj |H1 E] , this yields 



that R itself is uniformly close to the identity matrix, 

R{C) = I + 0{x~ ), as x ^ ±00, uniformly for (^ G C \ Tr. 

Remark 3.6 Since R{C) = S {() P^°°\0~'' for C large one can use (jIT^ . (E^Sl), and the fact 
that (C — zq)~ = C~ [I — jZoasC^ + 0{C~ )\ as C ^ co, to strengthen condition (c) of the 
RH problem for R to 

i?(C)=/ + y + 0(C-'), asC-00, (3.38) 

where i?i is a 2 x 2 matrix valued function depending on x and T with (1, 1) and (1, 2) entries 
given by, 

Ri,n = -f + I4 + \xr'^^Ai,u - (iilxri/%,12, (3.39) 

^1,12 = -tZi|x|-i/6 + |x|-i/3^i,i2. (3.40) 

From (|3.37|) it follows, as in |2], that 

Ri = -Res {Ai,zo)\x\-^ - Res (A2, zo)\x\-^/^ + Odx]"^/^), as x ^ ±00, 

so that by (nU?T|) . 

i?^_ii = Odxr^/^), /?i,i2 = Odx]-^/^), asx^ioo. (3.41) 
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Figure 5: The reduced system of contours T^ independent of x. 

3.6 Proof of Theorem [TI] (ii) 

We now have all the necessary ingredients to prove the second part of the main theorem. 

Proof of Theorem HIT] (ii). Recall that y = 2Ai^u - A{y^. Using (|S3U)) and (|On)) one can 
then write y in terms of the (1, 1) and (1, 2) entries of i?i, 

2Ai,ii = ^zok|i/3 + 2|x|i/3i?i,ii - d\\x\^l^ + 2di|x|i/6^i,i2, 

so that 

y = ]^zo\x\^'^ + 2\x\^/^Ri,ii - \x\'''^Rl^2- (3-42) 

Inserting (|3.41|) into the latter equation we obtain precisely (|1.5j) . This finishes the proof of 
Theorem 11.11 □ 
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